TITS ALTERNATIVE FOR CLOSED REAL ANALYTIC 4-MANIFOLDS OF 
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Abstract. We study subgroups of fundamental groups of real analytic closed 4-manifolds with 
nonpositive sectional curvature. In particular, we are interested in the following question: if a 
subgroup of the fundamental group is not virtually free abelian, does it contain a free group of 
rank two ? The technique involves the theory of general metric spaces of nonpositive curvature. 



1. Introduction 

In this paper we study subgroups of fundamental groups of real analytic closed 4-manifolds 
with nonpositive sectional curvature. One would like to know whether a subgroup contains a finite 
index free abelian subgroup if it does not contain a free group of rank two. The same question 
can be asked in the general setting of groups acting on Hadamard spaces. We recall a Hadamard 
space is a complete simply connected metric space with nonpositive curvature in the sense of A. D. 
Alexandrov. In general there is the following question (see Section I2T41 for the definition of a proper 
group action): 

Tits Alternative. Let G be a group acting properly and cocompactly by isometries on a Hadamard 
space X. Is it true that every subgroup H C G contains either a finite index free abelian subgroup 
or a free group of rank two? 

The Tits alternative question has been answered affirmatively for the following spaces: trees 
f |PVp or more generally Gromov hyperbolic Hadamard spaces (0); certain cubical complexes 
( BSw ); Euclidean buildings of rank > 3 or symmetric spaces ([I]); spaces with isolated flats 
f [HR,| ): certain square complexes (PP)- The Tits alternative question in the general case appears 
hard. In particular it is still open for Hadamard 4-manifolds and CAT(0) 2-complexes. It is not 
even known ( Swj) whether G has an infinite subgroup where each element is of finite order. S. 
Adams and W. Ballmann f jABp showed any amenable subgroup of the group G contains a finite 
index free abelian subgroup. When X is a piecewise smooth 2-complex where each edge is contained 
in at least two 2-cells, W. Ballmann and M. Brin ( BBr ) showed cither G contains a free group of 
rank two or X is isometric to the Euclidean plane. 

Recall a Hadamard manifold X has higher rank if each geodesic is contained in a 2-flat, that is, 
a convex subset of X isometric to IR 2 ; X has rank one otherwise. When the Hadamard space A is a 
Hadamard manifold and the group G is torsion free, the Tits alternative can be reduced to the case 
when X is an irreducible Hadamard manifold, thanks to Eberlein's results C |Elj . |E2| ) on lattices of 
reducible Hadamard manifolds. When X is an irreducible Hadamard manifold of higher rank, X is 
a higher rank symmetric space by the rank rigidity theorem ([5]) and the Tits alternative follows 
from Tits' theorem. Thus one only needs to consider rank one Hadamard manifolds. 

The Tits alternative holds trivially for surfaces. It is also not hard to establish it for 3-manifolds, 
by using some nontrivial results on 3-manifold topology: 
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Theorem 13.71 The Tits alternative holds for subgroups ofiri(M), where M is a closed 3-manifold 
with nonpositive sectional curvature. 

In this paper we mainly consider the case of real analytic closed 4-manifolds with nonpositive 
sectional curvature. Such manifolds have been studied by V. Schroeder f|Slp and C. Hummel and 
V. Schroeder ( HS1 , HS2 ). A higher rank submanifold in a Hadamard manifold X is a totally 
geodesic submanifold which is of higher rank as a Hadamard manifold. When M = X/T is a real 
analytic closed 4-manifold with nonpositive sectional curvature, one possible class of higher rank 
submanifolds have the form W = Q x R, where Q is a nonflat 2-dimensional Hadamard manifold. 
A cycle is a finite sequence W\ , ■ ■ • , Wk of distinct higher rank submanifolds of the above form such 
that Wi (~l Wi + i ^= <j> (i = 1, 2, • • ■ , k — 1) and Wk n W\ ^ (/>. Below is one of the main results of the 
paper. 

Theorem 14. U The Tits alternative holds for subgroups of tti(M) if M = X/T is a real analytic 
closed A-manifold with nonpositive sectional curvature and there is no cycle in X . 

There exist real analytic closed 4-manifolds (see [ASp satisfying the assumptions of the theorem. 

Let M = X/T be a real analytic closed 4-manifold with nonpositive sectional curvature. A 
singular geodesic in X is a geodesic c of the form c = {q} x R c Q X R, where Q x R is a higher 
rank submanifold and Q is a nonflat Hadamard 2-manifold. When two higher rank submanifolds 
W\ = Qi X R, W% = Qi X R intersect, the intersection is a 2-flat of the form F — W\ n W 2 — c\ X R 
where c\ C Q\ is a geodesic in Q\. The R directions in W\ and W<z give rise to two parallel families 
of singular geodesies in the 2 flat F. The angle between the two family is a singular angle. There are 
only a finite number of singular angles (see Section l2~3|l . U. Abresch and V. Schroeder ( [AS| ) have 
constructed a class of real analytic closed 4-manifolds with nonpositive sectional curvature where 
the singular angles are all equal to tt/2. 

Theorem 15.11 The Tits alternative holds for subgroups of ~K\(M) if M = X/T is a real analytic 
closed A-manifold with nonpositive sectional curvature and all singular angles are equal to a > 

Although we are mainly interested in Hadamard manifolds in this paper, our proof uses general 
metric spaces with nonpositive curvature in the sense of A. D. Alexandrov. The proof of Theorem l4.ll 
is inspired by the JSJ decomposition in 3-manifold theory. Recall a Haken 3-manifold admits a JSJ 
decomposition and this decomposition induces a graph of groups decomposition for the fundamental 
group. It follows that the fundamental group acts on the Bass-Serre tree associated to the graph of 
groups. Notice that the Bass-Serre tree is not a Hadamard manifold and in general is not locally 
compact. In a similar way we decompose a real analytic closed 4-manifold M with nonpositive 
sectional curvature and construct a 2-complex associated to the decomposition. The fundamental 
group of M acts on the 2-complex by isometries. The 2-complex is a CAT(— 1) space (see Section 
12. II for definition) and should be considered as an analogue of the Bass-Serre tree. 

The existence of free subgroups is closely related to the existence of rank one isometries. A rank 
one isometry is a hyperbolic isometry (see Section l2~2l for definition) g of a Hadamard space X such 
that no axis of g bounds a flat half plane, where a flat half plane is a convex subset of X isometric 
to the upper half plane: {(x, y) € M 2 : y > 0}. Each isometry of X induces a homeomorphism of 
the geometric boundary of X . If A is a CAT(-l) space or a locally compact Hadamard space, 
then each rank one isometry of X acts on the geometric boundary in the same way as a hyperbolic 
isometry of the real hyperbolic space, see Theorem 12. Ill or [B] and It follows that any group 
generated by two rank one isometries that do not share any fixed point in the geometric boundary 
contains a free group of rank two. Notice that it is not necessary to assume the action is proper. 

For a general hyperbolic isometry, the dynamics of the induced homeomorphism on the geometric 
boundary have been studied by V. Schroeder ([BGS ) in the Hadamard manifold case and by K. 
Ruane ([E]) for locally compact Hadamard spaces. Let g be a hyperbolic isometry of a locally 
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compact Hadamard space X and P(g) the parallel set of an axis of g, that is, P(g) is the union 
of all geodesies that are parallel to an axis of g. Denote by d^X the geometric boundary of X. 
P(g) is closed and convex in X and dooP(g) naturally embeds into d^X. If c : R — > X is an axis 
of g, denote by g(+oo) and g{— oo) the points in d^X determined by the rays c\\o t00 ) and C(_ QOi o] 
respectively. V. Schroeder and K. Ruane showed that for any £ £ d^X — dooP(g), the accumulation 
points of the orbit {g l (0 : « G Z} lie in d oa P(g}. K. Ruane ([fy) further proved the following result: 
if the Tits distance from £ G dooX to g(— oo) is greater than 7T, then there is a neighborhood Z7 
of £ so that is attracted to g(+oo) under the iteration of g. Here we still use g to denote the 
homeomorphism of the geometric boundary induced by g. Still the following question remains: 

Question 1. With the above notation. Is the following statement true: for any compact subset 
K C dooX — dooP(g), and any neighborhood V of dooP{g), there is a positive integer N such that 
g n (K) C V for all n > N. 

If the answer to Question 1 is yes, then any group generated by two hyperbolic isometrics /, g 
contains a free group of rank two whenever d QO P{f) and d 00 P(g) (considered as subsets of d^X) 
have empty intersection. 

The existence of rank one isometries in a group is closely related to the dynamics of the group 
action on the limit set. While a lot is known about the group action on the limit set of discrete 
isometry groups of the real hyperbolic space, little is known for groups acting on Hadamard spaces 
or even Hadamard manifolds. Let G be a group acting properly on a Hadamard space such that the 
limit set (see Section l2~o1 for definition) of G contains more than two points. The limit set is closed 
and G-invariant. If X is the real hyperbolic space, then the limit set is the only nonempty closed 
and G-invariant subset of the limit set. This is no longer the case in general, for instance, when 
G = Gi x G2 and X = X\ x X2 where G\ C Isom(Xi), G2 C Isom(X2). It would be interesting 
to know when there are more than one closed and G-invariant subset. Recently W. Buyalo and W. 
Ballmann ( BB]) did some interesting work on the topic. In particular, using their arguments we 
can show the following: 

Corollary 12.191 Suppose T is a group of isometries of a locally compact Hadamard space X . IfT 
does not contain any rank one isometry, then A(r) has diameter at most 2tt in the Tits metric. 

The paper is organized as follows. In Scction|21we recall basic facts about Hadamard spaces, and 
collect results that shall be needed later on. The topics covered in this section include: higher rank 
submanifolds in the universal covers of closed real analytic 4-manifolds with nonpositive sectional 
curvature and structure of Tits boundary of such manifolds, rank one isometry and free groups, action 
on the limit set. In Sectional we establish the Tits alternative for closed 3-manifolds with nonpositive 
sectional curvature. In Section 01 we decompose closed real analytic 4-manifolds, construct the 
associated 2-complex and use the 2-complex to establish the main result of the paper (Theorem 
14. If) . In Section [5] we discuss the Tits alternative without assuming the nonexistence of cycles. 

Acknowledgment. / am grateful to Quo-Shin Chi for numerous discussions. I would also like to 
thank Bruce Kleiner. Blake Thornton, Kevin Scannell, Rachel Roberts, Victor Schroeder, Michael 
Kapovich and Alan Reid for remarks and communications on the subject. 



2. PRELIMINARIES 

In this section we recall basic facts about Hadamard spaces, and collect results that shall be 
needed later on. We refer the reader to [B], [BGSj . |BH| . |S1| and |HS1| for more details on the 
material in this section. 
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2.1. CAT(k) Spaces. Although we are mainly interested in Hadamard manifolds in this paper, 
general metric spaces with upper curvature bounds will play an important role in the proof of our 
results. So here we recall the basic definitions below. 

Let (A, d) be a metric space. A geodesic in A is a continuous map a : I — > A such that, for any 
point t £ I, there exists a neighborhood U of t with d(a(s\), a(s 2 )) = |si — s 2 \ for all s\,s 2 E U. 
If the above equality holds for all s\,s 2 E I, then we call a a minimal geodesic. The image of a 
geodesic shall also be called a geodesic. When / is a closed interval [a, b], we say a is a geodesic 
segment of length b — a and a connects a(a) and a(b). A metric space A is called a geodesic metric 
space if for any two points x,y E A there is a minimal geodesic segment connecting them. 

A triangle in a metric space (A, d) is the union of three geodesic segments cti : [o»,6»] — ► A 
(i = 1,2,3) where ct\{b\) = 02(02), (22(62) = 0:3(013) and 0:3(63) = ct\{a\). For any real number k, 
let stand for the 2-dimensional simply connected complete Riemannian manifold with constant 
curvature k, and D(k) denote the diameter of M% (D(k) = 00 if n < 0). Given a triangle A = 
ct\ U a 2 U 03 in a metric space A where on : [aj,6j] — > X (i = 1,2,3), a triangle A' in M% is a 
comparison triangle for A if they have the same edge lengths, that is, if A' = a[ U ct 2 U a' 3 and 
a- : [a,i,bi] — ► (i = 1,2,3). A point x' G A' corresponds to a point x E A if there is some 
i and some U E [a,i,bi] with x' = o^(tj) and x = a,(tj). We notice if the perimeter of a triangle 
A = oti U«2 U«3 in A is less than 2D(n), that is, if length(ai) + length(ct2) + length{a 3 ) < 2D(k), 
then there is a unique comparison triangle (up to isometry) in M% for A. 

Definition 2.1. A complete metric space A is called a CAT(n) space if 

(i) every two points x\, x 2 E X with d(xi, x 2 ) < D(n) are connected by a minimal geodesic segment; 

(ii) for any triangle A in X with perimeter less than 2D(k) and any two points x,y E A, the 
inequality d(x,y) < d(x',y') holds, where x' and y' are the points on a comparison triangle for A 
corresponding to x and y respectively. 

A complete metric space has curvature < k if each point has a CAT(k) neighborhood. 

A simply connected complete Riemannian manifold with sectional curvature < n (k < 0) is 
CAT(k). Simplicial metric trees and more generally i?-trees are CAT(k) for any k. The following 
lemma follows from the above definition. 

Lemma 2.2. Let X be a CAT(l) space and a : [a, b] — ► X a geodesic with a <b and a(a) = a(b). 
Then the length of a is at least 2tt. 

2.2. Hadamard Spaces and Their Ideal Boundaries. A CAT(0) space is also called a Hadamard 
space. Let (A, d) be a Hadamard space. Then the distance function d : X x A — > R is convex, there 
is a unique geodesic segment between any two points and A is contractiblc. For any x,y E A, xy 
denotes the unique geodesic segment connecting x and y. A ray starting from p E X is a geodesic 
c : [0,oo) — ► A with c(0) = p. Two rays c\ and c 2 are asymptotic if d(ci(t), c 2 (t)) is a bounded 
function on the interval [0, 00). The ideal boundary of A is the set dX of asymptotic classes of rays 
in A. For any pel and any £ E dX, there is a unique ray (denoted by p£) that starts from p 
and belongs to £. Thus for any p G A we can identify dX with the set of rays starting from p. 
Let c and Cj (i = 1, 2, • • • ) be rays starting from p; we say {ct}°^ 1 converges to c if Cj converges 
to c uniformly on compact subsets of [0, 00). Similarly for Xi E X (i = 1, 2, • • • ), we say {xi}^ 
converges to £ G A U d X if pxi converges to p£ uniformly on compact subsets. In this way we define 
a topology on A U dX. It is easy to check that this topology is independent of the point pel. 
Both this topology and the induced topology on dX are called the cone topology. The topology on 
A induced by the cone topology coincides with the metric topology on A. dX together with the 
cone topology is called the geometric boundary of A, and denoted by doo X. We set A = A U <9oo A. 

The Tits metric on the ideal boundary is defined as follows. Let £,77 G <9ocA . For pel, let 
Ci (t) and C2 (t) be the rays that start from p and asymptotic to £ and 77 respectively. The Tits angle 
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/-t(£, t]) between £ and 77 is given by: 

sin ( ^^) = inn ^m^m. 

2 t^oo 2t 

This definition is independent of the point p. The Tits metric dx is the path metric induced by At- 
In particular, if £,77 6 dooX are in different Tits components, then (£,??) = 00. d^X with the 
Tits metric dr is called the Tits boundary of X and denoted by 8tX. The Tits topology and the 
cone topology are generally quite different. 

Below we collect some basic facts concerning the Tits metric. For more details please see BGS 
and [BH . For any geodesic c : R — ► X in a Hadamard space, we call the two points in d^X 
determined by the two rays C| [0,4.00) and c^i^m the endpoints of c, and denote them by c(+oo) and 
c(— 00) respectively. 

Proposition 2.3. Let X be a Hadamard space and £, 77 E dxX . 

(i) 8tX is a CAT(l) space; 

(ii) If X is locally compact and (^(£,77) > 71", then there is a geodesic in X with £,77 as endpoints; 

(iii) If X is locally compact and dxi^ri) < 00, then there is a minimal geodesic in 8tX from £ to 77. 

Let X be a Hadamard space and g : X — > X an isometry of X. g is called a hyperbolic isometry 
if it translates a geodesic, that is, if there is a geodesic c : R — > X and a positive number Z so that 
g(c(t)) = c(t + l) for all t E R; the geodesic c is called an axis of g. All the axes of <? are parallel, thus 
it makes sense to denote g(+oo) = c(+oo), g(— 00) = c(— 00). Recall two geodesies Ci,C2 : R — > A" 
are parallel if d(c\(t), C2(t)) is a bounded function over i?. 

For a hyperbolic isometry g, let Min(g) be the union of all the axes of g. The subset Min(g) C A 
is closed and convex in X and splits isometrically as Y x i?, where each {7/} x i? (y E Y) is an axis 
of g. The geometric boundary dooMin(g) naturally embeds into dooX. 

Each isometry g of X induces a homeomorphism of the geometric boundary dooX, which we 
still denote by g. 

Theorem 2.4. ([H]) Let X be a Hadamard space and g a hyperbolic isometry of X. Then the fixed 
point set of g on dooX is dooMin(g). 

2.3. Real Analytic 4-manifolds With Nonpositive Sectional Curvature. In this section we 
recall some facts concerning the universal covers of real analytic closed 4-manifolds with nonpositive 
sectional curvature. The reader is referred to jSlj . jHSlj and |AS| for more details. 

Let A be a Hadamard manifold, i.e., a simply connected complete Riemannian manifold with 
nonpositive sectional curvature. A k-flat in A is a totally geodesic submanifold isometric to the 
/c-dimensional Euclidean space E fc . We say A has higher rank if each geodesic in A is contained in 
a 2-fl.at, and A has rank 1 otherwise. A complete totally geodesic submanifold of A is a higher rank 
submanifold if it has higher rank as a Hadamard manifold. A maximal higher rank submanifold of 
A is a higher rank submanifold that is maximal with respect to inclusion. 

Let M be a closed Riemannian manifold with nonpositive sectional curvature and A its universal 
cover. Then M — X/T where T is the group of deck transformations acting on A as isometries. A 
complete totally geodesic submanifold W of A is closed if W / StabrW is compact, where StabrW — 
{7 E T : ^y(W) = W} is the stabilizer of W in T. We say M is of rank 1 if A is of rank 1. 

Theorem 2.5. ([HJD Let M = X/T be a rank 1 closed real analytic ^-manifold of nonpositive 
sectional curvature. Then: 

(i) each maximal higher rank submanifold of X is isometric to one of the following: E 2 , E 3 , Q x R, 
where Q is a nonflat 2- dimensional Hadamard manifold; 

(ii) each maximal higher rank submanifold is closed; 

(iii) there are only a finite number of maximal higher rank submanifolds modulo T; 

(iv) Wi l~l W2 f~l W3 = <f> for any three distinct 3- dimensional higher rank submanifolds W\, W2, W3 
ofX. 
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For M = X/T as in Theorem 12.51 we let W be the set of maximal higher rank submanifolds of 
X that are of the form Q x R for nonflat 2-dimensional Hadamard manifolds Q. 

Theorem 2.6. ([SJ) Let M = X/T be a rank 1 closed real analytic ^-manifold of nonpositive 
sectional curvature, and W\, W% maximal higher rank submanifolds of X with W\ (H W% ^ <f>. Then 
one of the following holds: 

(i) W\ , W% are both isometric to E 2 . In this case W\ D W% is a point; 

(ii) W\, W2 £ W. In this case, W\ and W2 are perpendicular to each other, W\ fl W% is a 2-flat and 
W\ n W2 — ci x R C Q\ x R = Wi for a geodesic ci of Qi . 

Notice for a complete totally geodesic submanifold W of X, the geometric boundary dooW 
naturally embeds into d^X. 

Theorem 2.7. f jHSlp Let M = X/T be a rank 1 closed real analytic J^-manifold of nonpositive 
sectional curvature, and 8tX the Tits boundary of X . Assume C is a connected component ofdxX. 
Then exactly one of the following statements is true: 

(i) C consists of a single point; 

(ii) C — dooF, where F is a 2-flat; 

(iii) C = dooF , where F is a 3-flat; 

(iv) C = Uwew* 3°oW , where W* cWisa subset such that Uwew* W * s a connected component 
ofU W£W WcX; 

(v) C is isometric to a closed interval with length < tt. 

For convenience, we introduce the following definition. 

Definition 2.8. Let M = X/T be a rank 1 closed real analytic 4-manifold of nonpositive sectional 
curvature. An n-cycle in X is a sequence of n distinct higher rank submanifolds Wi, W2, • • • , W„ 
such that all Wi £ W and Wi fl Wi+i ^ 4> for all i, where indices are taken modulo n. A cycle in X 
is an n-cycle for some n. 

Proposition 2.9. f |HSl| ) Let M = X/T be a rank 1 closed real analytic ^-manifold of nonpositive 
sectional curvature. If there is an n-cycle in X , then n > 5. 

For any metric space Z and any A C Z, e > 0, the e-neighborhood of A is N e (A) = {z £ 
Z : d(z,a) < e for some a £ A}. Let X be a Hadamard manifold. Two complete totally geodesic 
submanifolds Hi and if 2 of X are parallel if there is some e > with H 2 C N e (Hx) and Hi C A^i^)- 
Let H be a complete totally geodesic submanifold of X, the parallel set Pjj of H is the union of all 
complete totally geodesic submanifolds of X that are parallel to H. Pjj is a closed convex subset 
of X and splits isometrically as Ph = H x Y, where each H x {y} (y £ Y) is a complete totally 
geodesic submanifold parallel to H. In general Ph has boundary and is not a manifold. When the 
Riemannian manifold X is real analytic, Ph is complete totally geodesic. 

2.4. Rank One Isometries and Free Groups. Let A be a Hadamard space. A flat half plane 
in X is the image of an isometric embedding / : {(x, y) £ E 2 : y > 0} — ► A, and in this case we say 
the geodesic c : R — > A, c(t) = f(t, 0) bounds the flat half plane. 

Definition 2.10. A hyperbolic isometry g of a Hadamard space A is called a rank one isometry if 
no axis of g bounds a flat half plane. 

If A is a Gromov hyperbolic Hadamard space, then each hyperbolic isometry of A is rank one. 
We note a CAT{— 1) space is Gromov hyperbolic. The following theorem is due to W. Ballmann in 
the case of locally compact Hadamard spaces and to M. Gromov in the case of Gromov hyperbolic 
spaces. Recall an isometry g of a Hadamard space X induces a homeomorphism of A, which we 
still denote by g. 
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Theorem 2.11. (|E|, |U]) Let X be a Hadamard space that is either locally compact or Gromov 
hyperbolic, and g a rank one isometry of X. Given any neighborhoods U of g(+oo) and V of g{— oo) 
in X , there is an n > such that g k (X — V)cU and g~ k (X — U) C V whenever k > n. 

Theorem 12 . 1 II in particular implies g{-\-oo) and g{— oo) are the only fixed points of g in X under 
the conditions of the theorem. 

Let G be a group acting by isometries on a Hadamard space X . The action is said to be proper 
if for any compact subset K C X the set {g £ G : g{K) n K ^ <f\ is finite. G also acts on X as 
homeomorphisms. A subset A C X is G-invariant if = ^4 for all g £ G. Theorem 12.111 has the 
following two corollaries. 

Corollary 2.12. Lei X fee a Hadamard space that is either locally compact or Gromov hyperbolic, G 
a group of isometries of X and g £ G a rank one isometry with fixed points g{+oc), g{—oo). Then 
one of the following holds: 

(i) g{+oo) or g{— oo) is fixed by all elements ofG; 

(ii) some axis c of g is G-invariant; 

(iii) G contains a free group of rank two. 

Recall a group is virtually free abelian if a finite index subgroup is free abelian. A virtually 
infinite cyclic group is similarly defined. 

Corollary 2.13. Let G act properly and cocompactly by isometries on a CAT(fS) space, and H 
a subgroup of G. If H contains a rank one isometry, then H either is virtually infinite cyclic or 
contains a free group of rank two. 

For any two isometries g and h of a Hadamard space X , < g, h > denotes the group generated 
by g and h. 

Theorem 2.14. (0) Let X be a locally compact Hadamard space and g, h two hyperbolic isometries 
of X . If dT{£,,rj) > 7r whenever^ £ {g(+oo), <?(~oo)} and n £ {h(+oo), h(— oo)}, then < g,h> 
contains a free group of rank two. 

It follows from Theorem 12.141 that if there are two distinct Tits components C\ and Ci such 
that {g(+oo), g{— oo)} C G\ and {h(+oo), h(— oo)} C Ci, then the group < g,h > contains a free 
group of rank two. 

2.5. Action on the Limit Set. Let Isom(X) be the group of all isometries of a Hadamard space 
X, and r C Isom(X) any subgroup. A point £ 6 dooX is a limit point of T if there is a sequence of 
elements {'j^fZi C T with "fi(x) — > £ for some (hence any) x £ X. The fcmi sei A(T) C <9ooX of 
r is the set of limit points of T. It is easy to check that A(T) is closed (in the cone topology) and 
T- invariant. 

Definition 2.15. A nonempty closed and T-invariant subset M C d^X is T -minimal if it does 
not contain any proper subset that is closed and T- invariant. 

When the Hadamard space X is locally compact, the geometric boundary d^X and all its 
closed subsets are compact. It follows from Zorn's lemma that T-minimal set always exists when X 
is locally compact. 

We recall two point £, n e d^X are T-dual if there is a sequence of elements {"fi}^ 1 C T such 
that 7i(x) — > £ and r y^ 1 (x) — > 77 for some (hence any) x G X as i — > 00. Clearly if £,77 G c^A are 
T-dual then £,77 £ A(r). For any £ £ A(r), D% C A(r) denotes the set of points that are T-dual to 
£. It is not hard to check that is closed and T-invariant. 

Lemma 2.16. ([5]) Let X be a locally compact Hadamard space and T C Isom(X) a subgroup. If 
£,Tj £ dooX are T-dual and cJt(^; ??) > ^7 then T contains rank one isometries. 
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Lemma 2.17. f |CE| ) Let X be a Hadamard space and T C Isom(X) a subgroup. If £ £ A(T) and 
V £ dooX are the endpoints of a geodesic in X, then C r(?y). 

The argument in the following proof belongs to Ballmann and Buyalo f |BB| ). who assumed 
A.{T) = d OD X. 

Proposition 2.18. Suppose T is a group of isometries of a locally compact Hadamard space X . If 
r does not contain any rank one isometry, then dT(jn,rj) < ti for any T -minimal set M C A(T) and 
any m £ M, £ G A(T). 

Proof. Let M C A(r) be an arbitrary r-minimal set and to £ M. Clearly M — T(m). Assume there 
is some r\ £ A(r) with dx(m, rj) > ir. By Proposition 12 .3f iil . there is a geodesic in X with to and r\ 
as endpoints. Lemma 12 . 1 71 implies D v C T(to) = M. Since is nonempty, closed and T-invariant 
and M is r-minimal , D v = M. In particular, to £ M = Z)^ and to, 77 are T-dual. Now Lemma 12.161 
implies there are rank one isometries in T since we assumed dT(m,r)) > tt. 

□ 

Corollary 2.19. Suppose T is a group of isometries of a locally compact Hadamard space X. IfT 
does not contain any rank one isometry, then A(T) has diameter at most 2ir in the Tits metric. 

3. 3-manifold Groups 

In this section we study 3-manifold groups and establish the Tits alternative for fundamental 
groups of closed 3-manifolds with nonpositive sectional curvature fTheorem l3.7fl . Although Theorem 
13. 31 should be known to many people, we still include a sketch of the proof. The main reason for doing 
so is that our proof uses group actions on trees and is a simplified version of the proof in Section 0] 
The reader is referred to [H] and |Kj for definitions and basic facts concerning 3-manifolds. 

Definition 3.1. A group G has the TA-property if it is virtually free abelian or contains a free 
group of rank two. 

The following lemma is clear. 
Lemma 3.2. A group has the TA-property if some finite index subgroup does. 

Theorem 3.3. Let M be a Haken 3-manifold whose boundary has zero Euler characteristic, and 
H C m(M) a subgroup. Then H has the TA-property except in the following two cases: 

(i) M is finitely covered by a torus bundle over S 1 and H has finite index in m(M); 

(ii) M is finitely covered by a S 1 -bundle over the torus and H has finite index in iri(M). 

Sketch of proof . By Lemma 13.21 we may assume M is orientable by considering its orientable double 
cover if necessary. M admits the so-called JSJ decomposition: there is a collection of disjoint 
embedded tori {Ti, • • • , T^} in M such that the homomorphism -k\ (T,) — m (M) induced by inclusion 
is injective for each i, and each component of M — U^ =1 Tj is either a Seifert manifold or an atoroidal 
manifold. Let ir ; M — > M be the projection from the universal cover to M. Each component of 
U7r _1 (Ti) is homeomorphic to R 2 , and is called a plane. Now we construct a graph T from the 
induced decomposition of M. The vertex set of T is in one-to-one correspondence with the set 
of components of M — uf =1 7r _1 (Ti). Two vertices are joined by an edge if the intersection of the 
closures of the corresponding components is a plane. The fact that each plane is separating implies 
the graph T is actually a tree. The action of wi(M) on M preserves the decomposition and induces 
an action on the tree T. Hence any subgroup H C tti(M) also acts on T. 

For the action of a group H on a tree T: (see |PVp if H does not contain a free group of rank 
two, then one of the following holds: (1) H fixes a point in T, (2) H fixes some £ £ <9ooT, (3) H 
leaves invariant a geodesic c in T . Now we need to analyze these three cases. 
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First suppose H fixes a point in T . We may assume H fixes a vertex of T by passing to an 
index two subgroup if necessary. The component of M — U^ =1 7r -1 (Ti) corresponding to this vertex 
projects down either to a Seifert manifold N or to an atoroidal manifold N, and H is a subgroup 
of iri(N). If N is an atoroidal manifold, Thurston's theorem says N admits a hyperbolic structure 
with finite volume. In this case it is clear that H has the TA-property. If AT is a Seifert manifold, 
then H has the TA-property unless H has finite index in n\(M) and M is finitely covered by a circle 
bundle over the torus. 

Suppose H stabilizes a geodesic c in T. After passing to an index two subgroup if necessary, 
each h £ H translates c. By considering the restricted action of H on c we have an exact sequence: 
1 H' — >■ H — >Z— v 1, where H' C H is the subgroup consisting of elements of H that fix c 
pointwise. Since the stabilizer of each edge in wi(M) is Z 2 , W is Z fe with k < 2. If k < 1, then 
is clearly virtually Z k+1 . If fc = 2, by consideration of cohomological dimension we see H has finite 
index in ni(M) and M is finitely covered by a torus bundle over a circle. The case when H fixes 
some £ 6 c^T can be handled similarly. 

□ 

Remark 3.4. In </ie iwo exceptional cases of Theorem \3.Sl both 7Ti(-M) and H are virtually solvable. 

Our next goal is to establish the Tits alternative for fundamental groups of closed 3-manifolds 
with nonpositive sectional curvature. The following is a special case of E. Swenson's theorem. 

Theorem 3.5. f |Sw| ) Let X be a Hadamard space and G a group acting properly and cocompactly 
by isometries on X. Suppose H,K C G are subgroups and A,BcX are closed convex subsets such 
that h(A) = A, k(B) = B for all h £ H,k £ K and A/H, B/K are compact. If An B ^ 4>, then 
H D K acts cocompactly on An B. 

Recall for any group G and any g £ G, the ccntralizer of g in G is C g (G) = {7 £ G : 73 = 57}. 

Theorem 3.6. ([E]) Let X be a Hadamard space, G a group acting properly and cocompactly by 
isometries on X and g £ G a hyperbolic isometry. Then Min(g) is invariant under C g {G) and 
Cg(G) acts cocompactly on Min(g). 

Notice an orientable irreducible closed 3-manifold is a Haken manifold if it contains a torus or 
Klein bottle such that the inclusion induces an injective homomorphism between the fundamental 
groups. 

Theorem 3.7. Let M be a closed 3-manifold with nonpositive sectional curvature. Then every 
subgroup H C tti(M) has the TA-property. 

Proof. We may assume M is orientable. Notice the theorem follows from Theorem l3.3l if M is a Haken 
manifold since any solvable subgroup of a group acting properly and cocompactly by isometries on 
a Hadamard space is virtually free abelian (see jBHj ). Let tt : X — > M be the universal cover of M. 
By a theorem of Eberlein (see |E3p either X contains a 2-flat or drX is discrete. If dxX is discrete, 
then each g £ tti(M) is a rank one isometry and the theorem follows easily from Corollary 12.1 21 

Suppose X contains a 2-flat. Then a theorem of Schroeder ( |S2|) says X contains a closed 2-flat 
F, that is, F is a 2-flat and Stab vl rM)F ac ts cocompactly on F. If for any g £ m(M) either g(F) = F 
or g(F) n F = <j> holds, then n{F) is an embedded torus or Klein bottle and the inclusion induces 
an injective homomorphism on the fundamental groups. It follows that M is a Haken manifold. 

Now suppose A is a closed 2-flat and there is a g € wi(M) such that g(A) ^ A and g(A)nA 7^ 4>. 
Since dim M — 3 and A and g(A) are totally geodesic, the intersection c — An g(A) is a complete 
geodesic. Set H = Stab ni i M \A, K = gHg~ x and B = g(A). Then K = Stab ni ^ M ^B and H , K and 
A, B satisfy the assumptions in Theorem 13. 51 It follows that H n K acts cocompactly on c = A n B 
and therefore must be infinite cyclic. Let He a generator of H n K and P c the parallel set of c. 
Since A, B C P c and dimM = 3, P c = Y x R for a surface Y which is closed and convex in X. 
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c = {yo} x R for some yo £ Y . h(P c ) — P c and h acts on P c as h = (ho, t), where h$ is an isometry 
of Y fixing yo and t is a translation on R. Since h leaves A invariant, by replacing h with h? if 
necessary we may assume ho is trivial. It follows that P c = Min(h). By Theorem C ft (m (M) ) 
acts cocompactly on Min(h) = Y x R. If 9Y = </> then X = Y x R and the theorem follows from 
results on surface groups. 

Suppose dY ^ (j>. Let Yq C Y be the convex core of Y, that is, the smallest closed convex subset 
of Y with dooY) = dooY (see 0). Then Y C iV e (Yo) for some e > and 8Yq consists of disjoint 
complete geodesies. Note Ch{^x{M)) leaves Yo x R invariant and acts on it cocompactly. Hence 
there is some a > such that d(cx,C2) > a for any two distinct geodesies ci and C2 in 8Yq. Fix 
a geodesic c\ C 8Yq and set Fi = c\ X i?. Now it suffices to show that for any g e 7ri(M) either 
g(Fx)=Fx oi g(Fx) n Fx = cf>. 

Suppose there is some g 6 m(M) with g(Fi) 7^ Fi and g(F{) n Fi ^ 0. Set F 2 = g(Fi). Then 
c' = Fi nF2 is a complete geodesic. If c' is parallel to c, then F2 C P c = Min(h), contradicting to the 
fact that Fx , F2 intersect transversally. So d is not parallel to c. Choose a geodesic c" C F2 (~l (Yo x R) 
such that c" is parallel to c' and < d(d, c") < a. Then c" C 7 x for a complete geodesic 7 C Y>. 
Since c" and c' are parallel, 7 and ci are parallel and bound a flat strip in Yq. The fact that Yq is 
the convex core of Y implies 7 = Ci and so c" C Fi , contradicting to the fact that Fi , F2 intersect 
transversally. 

□ 

4. Decomposition of Real Analytic 4-Manifolds 

In this section we shall prove one of the main results (Thcorcm l4.1ll of the paper. The definition 
of a cycle is given in Definition 12.81 

Theorem 4.1. Let M = X/T be a rank 1 closed real analytic ^-manifold of nonpositive sectional 
curvature. Suppose there are no cycles in X. If a subgroup ofT is not virtually free abelian, then it 
contains a free group of rank two. 

Remark 4.2. There exist real analytic closed 4-manifolds (see |AS| ) satisfying the assumptions of the 
theorem. 

Let M = X/T be as in Theorem l4.ll We shall decompose X into convex domains and construct 
a 2-complex Y associated to the decomposition. The 2-complex Y is a CAT(-l) space and the 
group r acts on Y as a group of isometries. Thus any subgroup H of T also acts on Y as isometries. 
A group acting on a CAT(— 1) space contains a free group of rank two unless it fixes a point in 
Y = Y U dooY or stabilizes a geodesic. Therefore it suffices to consider these special cases. 

The decomposition and the associated 2-complex should be considered as analogues of JSJ 
decomposition and the associated Bass-Serre tree in 3-manifold theory. 

4.1. Decomposition and the Associated 2-complex. Let M = X/T be a rank 1 closed real an- 
alytic 4-manifold of nonpositive sectional curvature. In this section we shall decompose X, construct 
the associated 2-complex Y and prove Y is a CAT(-T) space. 

We use the results and notation of Section 12.31 Recall W is the set of maximal higher rank 
submanifolds of X that are of the form Q x R for nonflat 2-dimensional Hadamard manifolds Q. 
Each W £ W is called a wall. We notice each wall W is totally geodesic and X — W has two 
components. Set X = X — UwewW. We say two components C\ and C 2 of X are separated by a 
wall W if they lie in different components of X ~ W, and say C\ and C 2 lie on the same side of W 
if they lie in the same component of X — W. Similarly we define two points x, y € X — W either to 
be separated by W or to lie on the same side of W. 

Suppose Wx, TV 2 are two walls with Wx D W2 ^ 4>- Then Wx H W2 H W = <j> for any wall 
W ^ Wx, W2. Since each wall is closed, and there are only a finite number of walls modulo T, there 
is some e > depending only on M with d(Wx CiWz , W) > e for any wall W 5^ Wx , W2 ■ It follows that 
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there are 4 components d, C 2 , C 3 , C 4 of X with W x nW 2 C C* (z = 1,2,3,4) and Wi n W 2 n C = <j) 
for any component C of Xo, C ^ Ci, C 2 , C3, C4. By suitably labeling the 4 components Ci, C 2 , C3, 
C4, we may assume the following intersections are 3-dimensional: C\ fl C 2 C Wi, C 2 n C3 C W 2 , 

c 3 n c± c wi, c 4 n c x c w 2 . 

Now we construct the 2-complex Y. The set V of vertices of Y is in one-to-one correspondence 
with the set of components of Xq. We denote by C v the component of Xq that corresponds to the 
vertex v € V. Two vertices vi and v 2 are joined by an edge (denoted by i>ii> 2 ) if and only if C Vl C\C V2 
is three dimensional. When Wi, W<z are two walls with W\ fl W 2 ^ (j>, there are 4 components 
C Wl , C„ 2 ,C„ 3 ,C V4 of A such that the following intersections are 3-dimensional: C Vl fl C V2 C Wi, 
C V2 fl C„ 3 C W^2, C V3 fl C^ 4 C Wi, C V4 fl C VF 2 . Thus there are the following edges in Y: Viv 2 , 
V 2 V 3, V 3 V 4, V4V1. Now whenever there are two walls W\, W2 with W\ flH^ ^ <f>, and V1V2, v 2 «3, V3V4, 
V4V1 the corresponding edges in Y as described above, we attach a square (denoted by S(Wi, W2)) 
along these 4 edges. The construction of Y is complete. 

Next we will put a metric on 7. A hyperbolic square is a closed convex region in the real 
hyperbolic plane whose boundary is the union of 4 geodesic segments such that the 4 geodesic 
segments are of the same length and the interior angles at the endpoints of these geodesic segments 
are all equal; each of the 4 geodesic segments is called an edge and the endpoints of the 4 geodesic 
segments are called vertices. Let So be a hyperbolic square so that the interior angle a at the vertices 
satisfies: a > Let I be the length of an edge of So- Now we declare that all the edges in Y have 
length I, and all the squares in Y are isometric to So- Thus Y is a piecewise hyperbolic 2-complex. 
Since there are only a finite number (actually 3 types) of isometry types of cells in Y, Y with the 
path metric is a complete geodesic metric space. We shall show that Y is a CAT(-l) space. 

We first look at the intersection C Vl fl C V2 for each edge V1V2 of Y. 

Lemma 4.3. Let W = Q x R be a wall so that W n W\ ^ <f> for some wall W\ ^ W. Suppose Z is 
a component ofW — Uw'^wW , where W varies over all walls that are distinct from W . Then the 
closure Z of Z has the form: Z — Q'xRdQxR = W , where Q' C Q is a closed convex subset of 
Q and is the universal cover of a nonpositively curved compact surface with closed geodesies on the 
boundary. 

Proof. Recall (see Theorem l2.tjfl if WCiW ^ 0, then WCiW = cxi?cQxi?fora complete geodesic 
c in Q. And W D W n W" = 4> if W, W, W" are three distinct walls. Thus W - U W ^ W W = 
Q x R — Uj(cj x R) , where {ci} is a disjoint collection of complete geodesies in Q. Since W is closed 
and there are only a finite number of maximal higher rank submanifolds modulo T, the lemma 
follows. □ 

For any wall W, let Xw = X — Uw'^wW where W varies over all walls different from W . 

Lemma 4.4. Let V1V2 be an edge ofY. Then: 

(i) C Vl , C V2 are separated by a unique wall W ; 

(ii) for any x\ £ C Vl and x 2 £ C V2 , W is the only wall that intersects the geodesic segment X1X2, 
and the intersection is transversal; 

(iii) if E is the component of Xw that contains C Vl , then C Vl and C V2 are the only two components 
of Xq contained in E. 

Proof, (i) Since v\, u 2 are distinct, C Vl , C V2 are distinct and are thus separated by at least one 
wall. By the construction of Y, C V1 fl C V2 is three dimensional. Let W be any wall that separates 
C Vl and C V2 . Then C Vl n C V2 C W + n W~ — W, where W + and W~ are the closures of the two 
components of X — W. Since for any two distinct walls W\, W2 the intersection Wi fl W2 is at most 
2-dimensional, there is exactly one wall W that separates C Vl and C V2 . 

(ii) Let W be a wall with W' C\ x\x 2 / (j>. The intersection must be transversal since W is 
totally geodesic and x\ £ W . Thus x\ and x 2 are in different components of X — W'. It follows 
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that C Vl and C V2 are contained in different components of X — W' and W' separates C Vl and C V2 . 
Now (i) implies W = W. 

(iii) From (ii) we see for any x\ G C Vl and x<i G C v . 2 , the segment x\X2 is contained in E. Thus 
E contains both C Vx and C V2 . Let C ^ C Vl be a component of Xq contained in E. C ^ C Vx implies 
C and C Vl are separated by a wall, which must be W by the definition of E. Now there is no wall 
separating C V2 and C and we have C — C V2 . 

□ 

By the Cartan-Hadamard theorem, to prove Y is CAT(-l) it suffices to show Y is simply 
connected and has curvature < —1. Since Y is piecewise hyperbolic, Y has curvature < — 1 if all 
the vertex links are CAT(l). The vertex links are metric graphs and a metric graph is CAT(1) if 
and only if each injective edge loop has length at least 2ir. By the construction of Y, the edges in 
the vertex links all have the same length a > Itt. Therefore the vertex links are CAT{\) if each 
injective edge loop (in the links) has at least 5 edges. 

Lemma 4.5. Let v G Y be a vertex of Y and Link(v,Y) the link of v in Y. Then each injective 
edge loop in Link(v,Y) has at least 5 edges. In particular, Y has curvature < — 1. 

Proof. Let e be an edge in Link(v,Y). Then e corresponds to a square S of Y that has v as one 
of its 4 vertices. Let v, v±, v' , «2 be the 4 vertices of S in cyclic order. By Lemma f4. 41 there is a 
unique wall W\ that separates C v and C Vl and a unique wall W<i that separates C v and C V2 . By the 
construction of Y, W\ fl W2 ^ 4> and the square S is determined by W\ and W%. The two endpoints 
of e uniquely determine ui and V2, vi and «2 then uniquely determine W\ and and W\ and 
in turn uniquely determine the square S. It follows that the edge e is uniquely determined by its 
two endpoints. Therefore there is no injective edge loop with length 2 in Link(v, Y). 

Now let L be an injective edge loop in Link(v, Y) consisting of n edges. Then there are n edges 
Wi (i = 1, 2, • • • , n) in Y so that Wi, Wi+i (indices are taken modulo n) are two edges of a square. 
It follows from the preceding paragraph that there are walls W\ , • • • , W n such that Wi is the only 
wall separating C v and C Vi and Wi fl Wj+i ^ for all i where indices are taken modulo n. Suppose 
there are indices i and j with i ^ j and = Wj . Let -E be the component of X\y i containing C v . 
Lemma applied to the edge Wi implies C v , C Vi C E. Similarly C v , C Vj C E as Wi = W^ . Since 
L is an injective loop in Link(v, Y), i ^ j implies Vi 7^ Vj. Therefore C Vi ^ C Vj and there are three 
distinct components C v , C Vi , C v . of X contained in E, contradicting to Lemma 14.41 It follows that 
Wi, • • ■ , W n are all distinct and form an n-cycle in X. Now Proposition 12 . 91 completes the proof. 

□ 

Lemma 4.6. Any edge loop in Y is homotopically trivial. In particular, Y is simply connected. 

Proof. We induct on the length of an edge loop. By the construction of Y, two vertices are connected 
by at most one edge and there is no injective edge loop with length 2. 

Let I be an injective edge loop in Y and v%, ■ ■ ■ ,v n the vertices on / in cyclic order. Let Xi G C Vi 
be an arbitrary point. Notice the components C Vi (i = 1, • • • , n) are all distinct since I is an injective 
edge loop. Denote by Wi the unique wall that separates C Vi and C Vi+1 (here indices are taken modulo 
n). By Lemma \AA\ Wi is the only wall intersecting XiXi+\. Let L — \J\ L =l XiXi + i. Clearly L is a loop 
inX. 

Suppose n — 3. Since W\ separates X\ and X2, the path X2X3 * X3X1 must intersect W%. From 
the preceding paragraph the path x 2 x 3 * x 3 xi only intersects W 2 and W 3 , we have W 2 = W\ or 
W3 = W\. We may assume W2 = Wx, the other case being handled similarly. Let E2 be the 
component of Xw 2 that contains C V2 . Then Lemma 14.41 implies the three distinct components C Vl , 
C V2 , C V3 are all contained in E2 since W2 = W\ , which contradicts to the same lemma. It follows 
that there is no injective edge loop with length 3. 
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Now suppose n > 4. Since W\ separates x\ and X2, the path L — x\X2 must intersect W\. 
By construction the path L — x\Xi only intersects Wi, • • • , W n . So Wi = W\ for at least one i, 
2 < i < n. Let m be the largest such i. Then x\ and x m +i lie on one side of Wi, and X2 and x m lie 
on the other side of W\. The argument in the preceding paragraph shows x\ ^ x m +i and X2 ^ x rn 
since Z is an injective loop. Let z — x\Xi n W± and z' = x m x m +i n Wi. Since £2 7^ x m , we have 
C Vm ^ C V2 , and by Lemma l4~4l (iii) there is at least one wall W, W 7^ W\ with W PI zz' 7^ 0. 
Let {W^', • • • , W^} be the set of walls different from Wi that intersect zz'. Then Wi (1 W- ^ <j) 
(i = 1, • • • , k) and S(W X , W[) is a square in F. Set z, = zz' n W/. We label the walls W^', ■ • • , 
W k so that <i(z, Zi) < d(z, Zj) whenever i < j. Then the interior of zz\ does not intersect any wall 
different from W±. It follows that v±, V2 are vertices of S(W\ : W[). Let v' 2 , v' 2 ' be the other two 
vertices of S(Wi, W[) so that C v > 2 , C V2 lie on the same side of W\. Similarly we define v' i: v" for all 
2<«<fc+lso that v' k+1 = v m , = w m +i and all C v >. (2 < i < k + 1) lie on the same side of 
Wi. 

Let h = V 2 V 2 *- ■ -*v' k V m , l 2 = Wl«2 *• ' •*VfcVm+l> ^3 = v 2 v 3 *- ■ U = v m+1 v m+2 *- ■ -*V n Vi 

be oriented paths in Y and l~ l (i = 1,2,3,4) the same paths with the reverse orientation. Set 
I' = viv 2 * ^3 * li 1 * v 2 vi, I" = V1V2 * l\ * VmVm+i * 1% , V" = I2 * h- Then /', I" and V" are 
oriented loops so that / = v\V2 * h * v m v m+1 * l 4 is homotopic to I' * I" * I'". Notice L)^ =1 S(Wi, W-) 
is homeomorphic to a square and I" is its boundary. Therefore I" is homotopically trivial. Now 
we notice length^) > k since the path 2:2^3 * • • ■ x rn ~ix rn must cross all the walls W{, • • • , Wj£. 
Similarly length^l^) > fc. Since length(li) — length^) — k, the lengths of the loops I3 * l^ 1 and 
I2 * U are strictly less than the length of I. The induction hypothesis implies I3 * ^ and Z2 * U are 
homotopically trivial. Therefore I' and are homotopically trivial. It follows / is also homotopically 
trivial. 

□ 

Lemmas 14.51 and 14.61 together imply the following proposition. 
Proposition 4.7. The 2-complex Y is a CAT{— 1) space. 

Recall a group is said to have the TA-property if it is virtually free abelian or contains a free 
group of rank two. We note Theorem 14.11 holds if and only if any subgroup H of T has the TA- 
property. Let H C L be a subgroup of T. By Lemma \3. 21 we may assume each h 6 H preserves the 
orientation of X, after passing to an index two subgroup if necessary. Corollary 12.131 implies we may 
assume H does not contain any rank one isometry. By Theorem l2.14l we may further assume there 
is a Tits component C C drX so that /i(+oo), h(—oo) G C for all h £ H . If C = dxF for a maximal 
higher rank submanifold F which is a 2-flat or 3-flat, then each element h £ H leaves F invariant. It 
follows that H acts on the Euclidean space F properly and isometrically, and thus must be virtually 
free abelian by Bieberbach's theorem. 

From now on we assume H C F satisfies the following properties: 

(a) each h £ H preserves the orientation of X; 

(b) H does not contain any rank one isometry; 

(c) there is a unique Tits component C C dxX such that h(+oo), h(—oo) £ C for all h £ H; 

(d) the Tits component C has the following form: C = [j WeW , dooW, where W* C W is a subset 
such that (Jivew* ^ i s a connected component of (Jwew W £ X. 

We shall also frequently pass to finite index subgroups of H . 

4.2. Action on the 2-complex. Since W is invariant under the action of the group T, it is clear 
from the construction of Y that T acts on Y as a group of cellular isometries. Any cellular isometry 
of Y either is hyperbolic or have a fixed point in Y as Y only has a finite number of isometry types 
of cells (see |Brp. The fact that Y is a CAT{— 1) space implies any hyperbolic isometry of Y is of 
rank one. Thus any 7 £ F either acts on Y as a rank one isometry or has a fixed point in Y. Notice 
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an element 7 € T may act as a rank one isometry on Y even if it is not rank one (with respect to 
its action on X) in T. 

For any 7 G T, let '■ Y — > F denote the induced isometry of 7 on Y, and Fiar(7y) C Y denote 
the fixed point set of jy. Let H C T be a subgroup satisfying the properties stated at the end of 
Section PHTl As a subgroup of T, H also acts on V as isometries. We shall analyze the action of H 
and its individual elements on Y . 

Lemma 4.8. Let S = S(W%, W 2 ) be a square m Y and 7 G T. Ifj Y (S) = S, then 7(Wi n W 2 ) = 

Winw 2 . 

Proof. Since Wi, W 2 are uniquely determined by S, jy(S) = S implies {7(^1), j(W 2 )} = {Wi, W 2 }. 
The lemma follows. 

□ 

Let e = viv 2 be an edge in Y, and C\, C 2 the two components of Xq corresponding to v\, v 2 
respectively. Lemma 14.41 implies there is a unique wall separating C\ and C 2 . The following lemma 
is clear. 

Lemma 4.9. Let e = V\v 2 be an edge in Y , C\, C 2 the two components of Xq corresponding to Vi, 
v 2 respectively, and W the unique wall separating C\ and C 2 . If 7y(e) = e for some 7 G T, then 
1 (W) =W. 

Suppose 7 G r is not a rank one isometry. Let P("f) denote the parallel set of an axis of 7. 
Since X is real analytic, P(-y) is a higher rank submanifold in X, and therefore is contained in a 
maximal higher rank submanifold. We further suppose P{~f) C W for a wall W = Q x R, where Q 
is a 2-dimensional nonflat Hadamard manifold. Notice 7 belongs to exactly one of the following 4 
classes: 

Type A: P(<y) = cxRcQxR = W and P(j) D W — <p for any wall W ± W, where c is a 
complete geodesic in Q; 

Type B: P( 7 ) = WnW for some wall W ^ W; 

Type C: P{j) — W. In this case, {qo} x R is an axis of 7 for some go £ Q\ 

Type D: ^(7) ~cxRcQxR~W and the axes of 7 intersect transversally with some wall W', 
where c is a complete geodesic in Q. 

Before we study the action of individual isometries on Y, we introduce a subcomplex of Y 
associated to each wall that intersects other walls. Recall for each edge viv 2 in Y there is a unique 
wall W separating C Vl and C V2 . Given any square S(Wi, W 2 ) in Y, two opposite edges of S(Wi,W 2 ) 
determine Wi, while the other two opposite edges determine W 2 . Let u(Wi, W 2 ) C S(W\, W 2 ) be the 
geodesic segment connecting the midpoints of the two opposite edges of S(Wx, W 2 ) that determine 
Wi. Let W be a wall intersecting other walls. Set C w = \JS(W, W) and T w = \Ju(W, W) C C w 
where W varies over all walls W ^ W with W' D W 7^ <f>. Cw is a subcomplex of Y. 

Lemma 4.10. Let 7 G T be a Type C isometry. If the wall W := P("f) intersects other walls, then 
there is an integer n such that Min(^ n ) — W and Fix{^ Y ) — Cw- In particular Cw is a closed 
convex subset ofY, and cj) ^ Fix^y) C Cw- 

Proof. Let W = Q x R. By the definition of a Type C isometry, there is some q G Q such that 
{qo} x R is an axis of 7. It follows that jiw has the following form 71^ = (e, t) : Q x R — > Q x R 
where e is an elliptic isometry of Q fixing the point qo and t is a translation of R. Since the wall W is 
closed and Q is a nonflat 2-dimensional Hadamard manifold, e has finite order (see [El| ). Therefore 
there is an even integer n such that e" = id. Notice Min(Y l ) = W and 7™ preserves the orientation 
of X. 

Now assume 7 G F is a Type C isometry preserving the orientation of X with Min^) = W. 
We shall show Fix(yy) = C W - We first argue C w C Fia^y). Let W' ^ W with W HW ^ <j). 
Since Min(-y) — W = Q x R, each geodesic {g} x fi (5 e Q) is an axis of 7. It follows that the 
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2-flat W n W = cxRcQxR = W is invariant under 7. Since W' is perpendicular to W, we 
have y{W') = W. Therefore y Y (S(W,W')) = S(W,W). Since 7 preserves the orientation of X 
and translates all the geodesies {q} x R (q € Q), each of the 4 components of Xq determined by W 
and W is invariant under 7. So the square S(W, W) is pointwise fixed by jy. 

Next we show Fix(yy) C Cw- Let y € Fix{^ Y ). If y lies in the interior of a square S'(W r i, W 2 ), 
then J Y {S{W 1 ,W 2 )) = S(W 1 ,W 2 ). Lemma Ol implies 7(^1 n W 2 ) = W 1 nW 2 and thus an axis of 
7 lies in W 1 HW 2 . It follows that W n Wi n W 2 ^ </». By Theorem 1231 (iv) W = W x or W = W 2 . In 
either case S(Wi, W 2 ) C CW. 

Suppose y lies in the interior of an edge v\v 2 . Then 7y(uit> 2 ) = V\v 2 . Let W' be the unique 
wall separating C Vl and C V2 . Lemma f4.9l implies ^{W) = W' and thus W' contains an axis of 7. 
It follows W n W ^ (j). If W = W, then clearly Vl v 2 C C w . Suppose W + W. Pick a?i £ C m , 
x 2 e C V2 and let z> = Xl x 2 n W'. Also pick z e W n W. Then zz' C W. Let W = W u ■ ■ ■ , W k be 
the sequence of walls in consecutive order that intersect zz' transversally. These walls determine a 
sequence of squares S(W 7 Wi), • • • , S(W, Wk) in Y, where two consecutive squares share exactly an 
edge. Notice viv 2 is an edge of S(W, Wk). For each of these squares, two opposite edges correspond 
to the wall W. Let li (i = 1, 2, • • • , k) be the geodesic segment connecting the midpoints of these 
two opposite edges, and I = U* =1 Zj. / is a geodesic by the geometry of Y. One endpoint of I lies in 
S(W, W) C Cw and the other one is the midpoint of the edge V\v 2 , so they are both fixed by jy 
It follows that / is pointwise fixed by yy, and by the preceding paragraph S(W, Wi) C Cw for each 
i. In particular v\v 2 C Cw- 

Now suppose y is a vertex. Then for any y' £ Cw, the geodesic segment yy' is pointwise fixed 
by yy. The initial segment of yy' in contained in some square or edge. It follows from the above 
that this square or edge lies in Cw and so does y. 

□ 

It follows from Lemma [4.101 that Cw is a CAT(— 1) space. Cw clearly admits a "reflection" 
about Tw with Tw as the fixed point set. Thus Tw is also a closed and convex subset of Y. Tw is 
the "core" of Cw, and Cw is homeomorphic to Tw x [0, 1]. For each wall W that intersects other 
walls, let Tw(oo) C dooY be the geometric boundary of Tw naturally identified with a subset of 
docY. 

Lemma 4.11. Let W\ ^ W 2 be two walls that intersect other walls. Then TV^oo) n7V 2 (oo) = 4>. 

Proof. Suppose Tw x (00) n Tw 2 {00) 7^ 4> and pick £ G Tw ± (00) n Tw 2 (°°)- Let a± : [0, 00) — > and 
Q!2 : [0, 00) —> Tw 2 be two rays ending at £. Since Y is a CAT(— 1) space, we have d(ai(t), a 2 (t)) — > 
as i — > 00. Since «i and a 2 cross centers of squares in Y, there are a > 0, b 6 i? so that ai(t) = 
a 2 (£ + &) for all t > a. ol\ passes through midpoints of edges in Y and such a midpoint uniquely 
determines the wall W\. The same is true for a 2 and W 2 . Hence W\ — W 2 , a contradiction. 

□ 

Let 7 be a Type A isometry and W the wall with P(y) C W. Then P(7) C Let E be 

the component of Xw containing P(7), and Ci and C 2 the two components of Xq contained in E. 
Denote by v% and v 2 the two vertices of Y corresponding to C\ and C 2 respectively. Then v\v 2 is 
an edge in Y. 

Lemma 4.12. Let 7 be a Type A isometry, and W , v\v 2 be as above. Then <fi ^ Fix(yy) C Viv 2 . 

Proof. We use the notation from the paragraph preceding the lemma. Since E is the component of 
Xw containing P(y) and P(y) is invariant under 7, ~f(E) = E. It follows that {7(6*1), 7(C 2 )} = 
{Ci,C 2 } and 7y sends v\v 2 to itself. In particular, the midpoint of v\v 2 is fixed by yy. Lemma 
14.81 implies no square in Y is invariant under yy. Then Lemma 14 . 91 and an argument similar to the 
proof of Lemma 14 . 1 01 shows Fix(yy) C V\V 2 . 

□ 
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Lemma 4.13. Let y be a Type B isometry and W\, W 2 the two walls such that P(y) = W\ fl W 2 . 
Then <j) ± Fix(y Y ) C S(Wi,W 2 ). 

Proof. Since P(y) = Wi n W 2 , we have {y{Wi),y{W 2 )} = {Wi,W 2 } so the square S(W ll W 2 ) is 
invariant under yy. In particular, the center of the square S(Wi,W 2 ) is fixed by yy. Now an 
argument similar to the proof of Lemma 14 . 1 01 shows Fix(yy) is contained in S(Wi, W 2 ). 

□ 

Lemma 4.14. Let y be a Type D isometry with P(y) contained in a wall W . Then y Y is a rank 
one isometry ofY, and the axis of y Y is contained in T\y- 

Proof. We exhibit a geodesic in T\y that is translated by y Y . Let c C P(y) C W be an axis of 7. 
Then c intersects some wall W transversally since 7 is a Type D isometry. Pick a point pGc such 
that W is the only wall containing p. Let W\ , W 2 , • ■ ■ , Wk be the sequence of walls in consecutive 
order intersected transversally by the geodesic segment py{p). Then the biinfinite sequence of walls 

• •• ,7 -1 (Wi),-- - n-\w k ),w u --- ,W k) y{W 1 ),--- MW k ),-'- 

is the sequence of walls in consecutive order intersected transversally by the axis c. This sequence of 
walls together with W determine a sequence of squares in Y. The union of this sequence of squares 
is a "strip" R contained in Cyy, and y Y {R) = R. It follows that the geodesic R fl T w , the center 
line of R, is translated by y Y . 

□ 

Let H C T be a subgroup satisfying the properties stated at the end of Section 14.11 As a 
subgroup of T, H also acts on Y as isometries. Y is a Gromov hyperbolic space since it is CAT(— 1). 
By a theorem of Gromov (see [U]), one of the following occurs: 

(1) H has a bounded orbit in Y; 

(2) H has a fixed point in dooY; 

(3) hy is a rank one isometry for some h G H . 

When (1) occurs, Cartan's fixed point theorem implies H has a fixed point in Y. After passing 
to a finite index subgroup, we may assume that H fixes a vertex of Y. In Section 14.31 we show H 
has the TA-property if it fixes a vertex of Y and there is no cycle in X. 

Lemma 4.15. Suppose H has a fixed point in d^Y and hy is not a rank one isometry for any 
h G H. Then H has the TA property. 

Proof. By assumption and the analysis of the 4 types of isometries, each h G H is of Type C. By 
Lemma [4.101 if h is of Type C and W is the wall with P(h) = W, then the fixed point set of hy 
in d^Y is contained in T\y(oo). Now Lemma |4. Ill and the fact that H has a fixed point in d^Y 
imply that there is a wall W with P(h) = W for all h G H. Therefore h(W) = W for all h G H and 
H C StabrW. Since Stab? W is the fundamental group of the closed 3-manifold W/ Stab^W with 
nonpositive sectional curvature, the lemma follows from Theorem 13. 71 

□ 

Now we remain to consider the case when gy is rank one for some g G H. Let c C Y be the axis 
of gy, and c(+oo), c(— 00) the fixed points of gy in c^Y. By Corollary 12 . 1 21 one of the following 
holds: 

(1) c(+oo) or c(— 00) is fixed by all elements of 

(2) /iy(c) = c for all h G H; 

(3) if contains a free group of rank two. 

We only need to consider the first two cases. Case (2) can be reduced to case (1) as in case (2) 
an index two subgroup of H fixes both c(+co) and c(— 00). 
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Lemma 4.16. Suppose gy is rank one for some g G H , and c(+oo), c(— oo) are the fixed points of 
gy in dooY . 7/c(+oo) or c(— oo) is /ixerf &y elements of H, then H has the TA-property. 

Proof. The assumption implies g is of Type D. Let W be the wall with Min(g) C W. Then the axis 
c of gy is contained in TV. Since each h G iJ fixes a point in c^y, by the analysis of the 4 types 
of isometries we see each h £ H is either of Type D or of Type C. By Lemmas 14 . 1 01 |4~TT1 14 . 1 41 and 
the fact that c(+oo) or c(— oo) is fixed by all elements of H, we conclude h(W) = W for all h G H. 
Now the argument in the proof of Lemma 14.151 shows H has the TA-property. 

□ 

4.3. Subgroups With a Fixed Point in the 2-complex. We remain to consider the case when 
H fixes a vertex of Y. To be more precise, throughout this section, H C V is a subgroup satisfying 
the following properties: 

(a) there is a Tits component C C drX so that h(+oo), h(—oo) G C for all h G H; 

(b) C = Uivew* ^ooW, where W* C W is a subset such that (Jwew* ^i sa connected component 

(c) there is a vertex v in Y so that hy(v) — v for all h <E H. 

Notice condition (c) implies H contains no Type D isometries since by Lemma |4. 141 yy has no 
fixed point in Y if 7 is of Type D. 

Set We = Uwew* Then both C„ and Wc are invariant under H . It follows that C v fl Wc 
is invariant under iJ. Set A = C v n Wc- Then 7J C StabrA. We shall prove A is connected and 
A/ StabrA is a compact 3-manifold. Under the assumption that there is no cycle in A, A is simply 
connected and consequently H is a subgroup of the fundamental group of a compact 3-manifold. 
Theorem 13.31 then implies H has the TA-property. 

For any wall W, the closures of the two components of X — W are called closed half spaces. C v is 
clearly the intersection of a family of closed half spaces. Now it is not hard to see that if W is a wall 
with W n C v 7^ </>, then W fl C v = Z for a component ZofW — \J W i^ w W, where W varies over 
all walls distinct from W. By Lemma FQ1 such a Z has the form Z^Q'xRcQxR — W, where 
Q' C Q is a closed convex subset of Q and is the universal cover of a nonpositively curved compact 
surface with closed geodesies on the boundary. Similarly we see if W\ 7^ W2 and W\ fl W2 F\C V ^ 4>, 
then Wi n W 2 n CV, is a 2-flat. 

Let W, W € W*. A chain from TU to W is a sequence W = W , Wx, ■ ■ ■ , W n = W of walls in 
W* with Wj fl Wj+i 7^ (i = 0, • • • , n — 1). Since Wc is connected, there is at least one chain from 
W to W'. 

Lemma 4.17. A is path connected. 

Proof. Let W, W' G W* with W nC v ,W' nC v cf>, &nd_W = W , W u ■ ■ ■ , W„ = W' a chain from 
W to W' with the smallest possible n. Choose xo G WnC v and G W'nC v so that a:o does not 
lie in any wall other than W and x n +i does not lie in any wall other than W' . Pick Xi G Wi_i fl Wi 
(i = 1, • • • , n) and let ct be the path defined by a — xqXi * • • • * x n x n +\. Note the lemma follows if 
a C C v . 

We show <T C C v by inducting on the length of a chain. We first show xqXi cC«. It suffices 
to show xi G C v since C„ is convex. Assume x\ £ C v . Then there is a wall W 7^ W 7 Wi so that 
x and xi lie in different components of X — W. Since x xi C W, W HW ^ 4>. W ^ W' holds, 
otherwise by the choice of n we have W = W\, a contradiction. It follows that Xq and x n+ i lie on 
the same side of W. Thus the part of a from x\ to x„+i must cross W. Suppose W fl XiX i+ i / 
for some i, 1 < i < n. Since Xi^i+i C Wi we have W C\Wi ^ 4>. If i > 2, then the sequence W, 
W", Wi, • • • , W„ = W' is a chain from W to W' with length less than n, contradicting to the choice 
of n. If i = 1, then W,W\,W is a 3-cycle, contradicting to Proposition 12.91 Therefore i = 2 and 
W n W 2 + (/>■ If W = W 2 , then the sequence W, W, W 3 , • • • , W n = W' is a chain from W to W 
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with length n — 1, again contradicting to the choice of n. Thus i = 2 and W ^ Wi. But then W, 
Wi, W2, W is a 4-cycle, contradicting to Proposition ^. 91 

Now x\ G C„ and xi € Wo fl Wi imply W\ CiC v ^ (f>. An argument similar to the one in the 
preceding paragraph shows X2 and x n +i lie on the same side of W. It follows that xi and C v lie 
on the same side of W . Therefore an initial open segment of X1X2 lies in C v and does not intersect 
any wall other than W\. Choose a point x[ belonging to this initial open segment of x\X2- Now 
consider the sequence Wi,Wa, ■ • • , W n and let a' be the part of a from x\ to x n +i. The induction 
hypothesis implies that a' C C v . Now the lemma follows. 

□ 

By Theorem 12.51 (?,,/ StabvG,, is compact. Lemma f4 . 1 71 implies A is a boundary component of 
C v . It follows that A/ Stab^A is a closed 3- manifold, being a quotient of a boundary component of 
C„/<S'fo6rCV 

Next we construct a graph G associated to A. The vertex set of G is in one-to-one correspondence 
with {WT\C V : WllC v ^ <j), W e W*}. Let and v 2 be two vertices of G corresponding to WiDC v 
and W2 (~1 C„ respectively. There is an edge connecting v\ and V2 if and only if W\ fl W2 fl C„ 7^ 0. 

The following lemma is clear from the definitions. 
Lemma 4.18. The graph G is a tree if there is no cycle in X . 
Lemma 4.19. A is simply connected if there is no cycle in X . 

Proof. We notice G is the nerve of the covering {WflC4 of A since W\ nW 2 n W 3 = (j> if W\, W 2 , W 3 
are distinct. All WnC v and their nonempty intersections are convex and thus contractible. Therefore 
G is homotopy equivalent to A. The lemma now follows from Lemma f4. 181 

□ 

Suppose there is no cycle in X. Set Ti = StabrA. Lemma 14.191 implies that Ti = 7Ti(A/ri) and 
so H C Ti is a subgroup of the fundamental group of a closed 3-manifold. We may assume A/I?i 
is orientable by replacing Ti with an index two subgroup if necessary. A/Ti is a Haken manifold: 
Pick any W x j= W 2 £ W* with W x n W 2 ^ <p and Wi H C v ^ (j> (i = 1, 2); then F := Wi n W 2 is a 
2-flat contained in A and F/ Stabr^ is a torus or Klein bottle embedded in h./T\\ the inclusion of 
F/Stabr 1 F into A/T\ clearly induces an injective homomorphism on the fundamental groups. Now 
Theorem 13.31 implies H has the TA-property since any solvable subgroup of a group acting properly 
and cocompactly on a Hadamard space is virtually free abelian. The proof of Theorem 14.11 is now 
complete. 

5. Cycles of Higher Rank Submanifolds 

Throughout this section let M = X/T be a rank 1 closed real analytic 4-manifold of nonpositive 
sectional curvature, and H C T a subgroup as described at the beginning of Section 1431 Recall H 
contains no Type D isometries. We proved in Section 14.31 that H has the TA-property if there is 
no cycle in A. In this section we discuss the Tits alternative without assuming the nonexistence of 
cycles. 

Recall a singular geodesic in A is a geodesic of the form {q} x R c Q x R — W, where q G Q 
and W is a wall. When W\ and W2 are two walls and F = W\ fl W2 is a 2-flat, there are two 
families of parallel singular geodesies in F. The angle ai?(0<a^< : |) between them is a singular 
angle. Since modulo T there are only a finite number of walls in X, there are only a finite number 
of singular angles. 

Now we are ready to state the main result of this section. 
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Theorem 5.1. Let M = X/T be a rank 1 closed real analytic ^-manifold of nonpositive sectional 
curvature. Suppose there is a number a, -j£ < a < ^ so that all the singular angles of X are equal 
to a. If a subgroup of the fundamental group of M is not virtually free abelian, then it contains a 
free group of rank two. 

Remark 5.2. U. Abresch and V. Schroeder ( |ASp constructed a class of real analytic A-manifolds of 
nonpositive sectional curvature, where all the singular angles are ^. 

5.1. Incidence Graph. We use the notation of Section PDA We first construct a graph G» which 
reflects the incidence relation of the members of W* . The vertex set of G* is in one-to-one corre- 
spondence with W* . Two vertices are joined by an edge if the corresponding walls have nonempty 
intersection. G, is a connected graph. The vertex corresponding to the wall W is still denoted by 
W, and the edge joining two vertices Wi, W 2 is denoted by W\W 2 . We declare each edge of G* has 
length 1 and let d* be the induced path metric on G*. Since by Proposition ^ . 91 there are no n-cycles 
in X for n < 4, we have: 

Lemma 5.3. Any infective loop in G* has length at least 5. 

The lemma in particular implies for W\,W 2 £ W* with d*(Wi,W 2 ) = 2, there is a unique 
W £ W* with d*{W u W) = d*(W,W 2 ) = 1. 

Note h(W*) — W* for each h £ H. Hence H induces an action on G*. For h £ H we denote by 
/i* the isomorphism of G* induced by h. 

Lemma 5.4. If H has a fixed point in G*, then H has the TA-property. 

Proof. Since G* is a graph, after passing to an index two subgroup if necessary, we may assume H 
fixes a vertex W of G». Then h(W) = W for all h £ H, here W C X denotes the wall in X. Now 
the lemma follows from the proof of Lemma 14.151 

□ 

5.2. Tits Geodesies. We continue to use the notation of Section 1431 In this section we take a 
close look at Tits geodesies in C — Uwew drW. 

Let W be a wall. A singular geodesic c = {q} xRcQxR = W determines two points c(+oo), 
c(— 00) in dooW. Set w(+oo) = c(+oo), w(— 00) = c(— 00) and call w(+oo), w(—oo) the poles of W . 
The following proposition follows from the results in HS1 . 

Proposition 5.5. Let Wi, W2 £ W* be two walls. 

(i) Ifd*(Wi,W 2 ) = 1, i.e., ifW 1 nW 2 = Fisa 2-flat, then d^Wx n dooW 2 = dooF ; 

(ii) If d*(Wi,W 2 ) = 2, then dooW\ R d 00 W 2 = {w(+oo), w(— 00)} where W is the unique wall with 
d.(Wi,W) =cU(W,W 3 ) = 1; 

(hi) Ifd*(W u W 2 ) > 3, then d^Wi n d x W 2 = <t>. 

Let W u W 2 € W* with d*(W u W 2 ) = 1. Then T4^i n W 2 = F is a 2-flat and StW^ n d T W 2 = 
OtF is isometric to the unit circle. DtF admits a unique metric graph structure with vertex set 
{u>i(+oo), Wi(—oo), w 2 (+oo), w 2 (-oo)}. 

Let W = Q x R £ W*. Since W is closed and Q is a nonflat Hadamard 2-manifold, dxW admits 
a unique metric graph structure with the following properties: 

(a) the vertex set is {w'(+oo), w'(-oo) : d*(W',W) < 1}; 

(b) for each wall W' with d*{W W) = 1, the inclusion dr{W R C StM^ is an isometric 
embedding between metric graphs; 

(c) each edge connecting the two poles u>(+oo), w(+oo) has length tt. 

It follows from the results in jHSlj that C admits a unique metric graph structure with vertex 
set {w(+oo),w(— 00) : W £ W*} such that for each W £ W*, the inclusion QtVF C C is an isometric 
embedding between metric graphs. 

We next look at how Tits geodesies in C travel between different docW, W £ W*. 
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Lemma 5.6. Let W £ W* , a : [a, b] — ► &tX a minimal geodesic and to £ (o.,b). If there is some 
e > such that a(t) £ dooW for t £ (to — e, t ] and a(t) £ d^W for t £ (to, t a + e), then a(t) £ doaW 
forte (t ,b\. 

Proof. Suppose the lemma is false and let t% — min{t £ (to,b] : a(t) £ c^IF}. Notice the minimal 
in the definition of t\ makes sense since dooW is closed in d^X . By definition d^W (~l crir 4o)tl -j = <fi. 
Since cr(to),cr(tx) £ dooW we have dT(o-(to),cr(ti)) < it. Let a' C drW be a minimal geodesic from 
cr(io) to er(ti). Then a' U cifo.tj is a closed geodesic in the CAT(\) space drX with length 

length(a') + length(a\u ^ 1 \) — 2dT(o~(to),a(ti)) < 2ir. 

It follows that dT(cr(to),a(ti)) = n. Since air to _ €jto ] C d^W, the description of 8tW shows 
dx(o"(t), cr(ti)) < 7r for < G (to — e, to), contradicting to the fact that a is minimal. 

□ 

The following proposition follows from Lemma 15.61 and the description of C. 

Proposition 5.7. Given any minimal geodesic a : [a, b] — > C, there are walls W\, W2, • ■ ■ , W n and 

numbers a < t\ < t% ■ ■ ■ < t n < b with the following properties: 

(i) {a(ti), 1 < i < n} is the set of poles in the interior of a; 

(ii) a(ti) is a pole ofWi for each 1 < i < n: 

(iii) the sequence of walls W±, W2, • • ■ , W n determines an injective edge path in G*. 

5.3. Subgroups Containing Type C Isometries. In this section we show the subgroup H C V 
has the TA-property if the singular angles are large and H contains a Type C isometry. 
We recall there are only a finite number of singular angles. 

Proposition 5.8. Let M = X/T be a rank 1 closed real analytic ^-manifold of nonpositive sectional 
curvature. Suppose all the singular angles of X are strictly larger than -| . If H C T is a subgroup 
as described at the beginning of Section and contains a Type C isometry, then H has the TA- 
property. 

Proof. For any two Type C isometries h,h £ H, we set n(h, h) = d*(W, W) where W = P(h) and 
W — P(h). Notice h(+oo), h(— 00) are the poles of W, and h(+oo), h(—oo) are the poles of W. First 
suppose there are two Type C isometries h and h with n(h, h) > 3. For any £ £ {h(+oo), h(— 00)} 
and 77 £ {h(+oo), h(— 00)}, let a : [0, a] — » drX be a minimal geodesic from ^ to r\. If there is 
no pole in the interior of a, then a C dooW (~l d^W, contradicting to Proposition 15.51 Let o-(U) 
(i = 1, 2, • • • ,n) with < ti < £2 • • • < in < a be all the poles in the interior of a. If n = 1, 
then cr(t\) £ dooW n SooVT^, again contradicting to Proposition 15.51 Therefore there are at least 
two poles in the interior of a . Since the endpoints of a are also poles, a contains at least 4 poles. 
By assumption on the singular angles, the Tits distance between any two distinct poles is > -|. It 
follows that dr(£, v) > 7r - By Theorem 12. 141 < h,h > contains a free group of rank two. 

Now suppose there are two Type C isometries h and h with n(h,h) — 2. Let W\ — P(h), 
W 2 — P(h). There exists an integer k > 1 with Min(h k ) = W\ and Min(h k ) = W 2 . By Lemma 1531 
there is a unique wall W with W n W 1 ^ (j) and W n W 2 7^ 0. We have /i fc (VF) = IF, /i fc (VF) = IF. 
Let VFnlFi — cixRcQxR^W and IFnlF 2 =c 2 xi?cQx_R = IF, where ci, c 2 are complete 
geodesies in Q. Theorem 12 . 51 implies {ci(+oo), c\(— 00)} D {c 2 (+oo), c 2 (— 00)} = 0. /"i fe acts on IF as 
h k = (hi , <) : Q x i? — > Q x i?, where ft-i : Q — > Q is a hyperbolic isometry of Q with c\ as an axis and 
t is a translation of R. Similarly h k acts on W as h k = (/i 2 ,f) where /i 2 is a hyperbolic isometry of 
Q with c 2 as an axis and t' is a translation of R. Since Q is nonflat and admits a cocompact group 
of isometries, Q is hyperbolic in the sense of Gromov. Theorem 12 . 1 II implies < /ii,/i 2 > contains a 
free group of rank two. It follows that < h k ,h k > contains a free group of rank two. 

Now suppose n(h, h) < 1 for any two Type C isometries h,h £ H . For any three Type C 
isometries hi,h 2 ,h 3 £ H, let VF ( = P(h. t ) (i = 1,2,3). If Wi ^ IF 2 and Wi ^ IF 3 , then IF 2 = 
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W3 since n{li2,hs) < 1 and G* has no injective edge loop with length 3. It follows that the 
set {P(h) : h € H is of Type C} consists of one wall or two intersecting walls. Notice the set 
{P(h) : h G H is of Type C} is invariant under the action of H since the conjugate of a Type C 
isometry is still a Type C isometry and P{ghg~ 1 ) = g(P(h)). The proposition now follows from 
Lemma 15.41 

□ 

5.4. Admissible Subsets. For a Hadamard space X, £ E drX and r > 0, we let B(£,r) be the 
closed metric ball with center £ and radius r: B(£,r) = {rj G drX : d,T{^,rj) < r}. 

Definition 5.9. Let X be a Hadamard space and H C Isom(X). A nonempty iJ-invariant subset 
M C dooX is H -admissible if M C B(h(+oo), tt) f)B(h(— oo), tt) for each hyperbolic isometry h E H. 

Proposition 5.10. Let M — X/T be a rank 1 closed real analytic ^-manifold of nonpositive sectional 
curvature, and H C T a subgroup as described at the beginning of Section \4-^\ Then there exists a 
LI -admissible subset. 

Proof. We notice h(+oo), h(— oo) £ A(i?) for any h S Zf. Let A/ C A(H) be a _ff-minimal set. 
Since by assumption does not contain any rank one isometries, Proposition 12.181 implies M is 
H- admissible. 

□ 

5.5. Intersection of Tits Balls. In order to study ii-admissible subsets in c^A, we need to look 
at the intersection of B(h(+oo), tt) and B(h(—oo), tt) for h G H. 

Call h G H a squared Type B isometry if h = g 2 for a Type B isometry g £ H . Clearly h G H 
is a squared Type B isometry if and only if any of its conjugates is a squared Type B isometry. 
Notice for a squared Type B isometry h, Min(h) = P(h). If h G H is of Type A, then Fix(h*) 
is the vertex W in G t , where W is the only wall containing Min(h) C X. If h G H is a squared 
Type B isometry, then Fix(h*) is the edge W1W2 in G», where Wi, Wi are the two walls with 
Wi n W 2 = Min{h) G A. For any h € H and any wall W, set 

W) = S(/i(+oo), tt) n B(h(-oo),n) n dooW^. 

Lemma 5.11. Suppose the singular angles of X are all equal to a > ^tt. Le£ /i G H be a Type A 
or squared Type B isometry, and W G W* with d*(W, Fix(h*)) > 3. Then B(h, W) = 4>. 

Proof. Suppose the lemma is false and pick £ G B(h, W). Let c : [0, a] — * drX (a < tt) be a minimal 
geodesic from h(+oo) to £, Wi, • • • , Wf. a sequence of walls and {U} (0 < <i < • • • < t% < a) a 
sequence of numbers as in Proposition l5.7l By definition of Type A and squared Type B isometries, 
h(+oo) is not a pole and h*(Wi) — W%. a < tt implies k < 3 since by assumption the Tits distance 
between any two distinct poles is at least |-7r. If there is no pole in the interior of c, then there is a wall 
W with /i*(W) = W and d*(W, W) < 1, contradicting to the assumption d*(W, Fix(h*)) > 3. If 
k = 1, then £ G 9ooWi n dr^W and by Proposition 15. 51 we have d*(Wi, W) < 2, again contradicting 
to the assumption. If k = 2, then £ G docW-2 n 9ooW and since c£*(W, Fix(h*)) > 3 we have 
d*(W2, W) = 2 and £ must be a pole. In this case let W3 be the wall with £ as one of its two poles 
and set t^ — a. If k = 3, then £ can not be a pole since a < tt and the Tits distance between 
any two poles is at least |7r. In any case we have £ G B(c{t^,), |-). Similarly if c' : [0,6] — > &tX 
(b < tt) is a minimal geodesic from h(—oo) to £, we have walls W^W^W^ (/i*(W 1 / ) = W{) and 
poles c'(ti), c'^), ^(^3) such that £ G B(c'(t' 3 ), ^). It follows from the triangle inequality that 
dr{c(t3), c'(t' 3 )) < g7r. The assumption on singular angles implies c(£ 3 ) = c'(t 3 ). Consequently 
W' z = W 3 . 

We next show W[ = W%. Note ti,t[ < ^. Since dT(h(+oo), h(— 00)) = 7T, triangle inequality 
implies c/t(c(£i), c'(tx)) > §7r. The two poles c(ii), c'(ii) both lie on dooWi. Notice for any pole n in 
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^ooWi, we have dxiji, c(t±)) € {a, tt — a, tt}. The assumption on a now implies dr(c(ti), c'(t^)) = 7r. 
Therefore d(t' x ) is also a pole of Wi, and W x = W\. 

Now we have two injective edge paths of length 2 from W\ = W{ to Wj, = W%. W1W2W3, 
W[W 2 W 3 . By Lemma [5.31 we have W2 = W 2 . Notice t 3 — t<i = a otherwise t 3 — t 2 > tt — a and 
a > (t 3 — t 2 ) + (*2 — t\) > (tt — a) + a — tt. The same argument also shows a < \ and t' 3 — t 2 = a. 
Now the three poles c(t 2 ), c'(t 2 ), c(ts) all lie on the circle doaW-2, H d^W^ and dT{c(t 2 ),c(t 3 )) = 
dr(c!(t' 2 ), c{ts)) = a. Since a < J we have c'(t 2 ) = c(t2)- Similarly we conclude c'^) = c(ii). 

Since ti,t[ < j, by triangle inequality 

2 

d T (h(+oo), h(-oo)) < d T (h(+oo), c(*i)) + d T (c'(ti), /i(-co)) < -tt, 

5 

contradicting to the fact dr(h(+oo),h(—oo)) = tt. 

□ 

If h G i? is of Type A and W is a wall with Fix(h*)) — 2, there is exactly one wall W 

with d*(W, W) = d*(W , Fix(h*)) — 1. If h 6 H is a squared Type B isometry and W-^ is a wall 
with d*(W, Fix(h*)) = 2, then the set 

{W' : d*(W,W') = d*(W',Fix(h*)) = 1} 

consists of either one or two elements. These assertions follow from Lemma 15.31 

Lemma 5.12. Let h £ H be a Type A or squared Type B isometry, and W £ W* such that the 
following holds: d*(W, Fix(h*)) = 2. Suppose the singular angles of X are all equal to a > |7r. 

(i) If there is only one wall W with d*(W, W) — d*(W, Fix(h*)) — 1, then 

B(h, W) C dooW n d^W - {w(+oo), w(-oo)}; 

(ii) If there are two walls Wi, W 2 with d*(W, Wi) = d*{Wi, Fix(h*)) = 1, then 

B(h, W) C (d^W n d^Wx) U {dooW n ^H^) - M+oo), w(-oo)}. 

Proof. We fix an arbitrary £ 6 W). Let c : [0, a] — » drX be a minimal geodesic from h(+oo) 
to £, and c' : [0, b] — > cVA a minimal geodesic from h(—oo) to £, where a,b < tt. Let Wi, • • • , Wfc be 
a sequence of walls and {U} (0 < t\ < ■ ■ ■ < t k < a) a sequence of numbers provided by Proposition 
15.71 corresponding to c, and W[, ■ • ■ , W' k , and {£■} (0 < t[ < ■ ■■ < t' k , < b) corresponding to c' . As 
in the proof of Lemma RTTTl we see K(W X ) = W x , K{W[) = W[ and 1 < k < 3, 1 < k' < 3. 

If k = 1, then £ e d^Wx n aoo^. Since d,(W,Fiar(fe,)) = 2 and K(W X ) = Wi, Proposition 
15.51 implies ^ is a pole of W, where W is the only wall with d*(W,W) — 1 and d»(W, W\) = 1. 
We clearly have ^ € d^W n c^ooW^' — {w(+oo), w(— 00)} in this case. From now on we assume 
2</c,fc'<3. 

Suppose k — 2. In this case £ € d^Wi H <9ooW^. If ^ is not a pole, then W2 is the only wall with 
d*(W,W 2 ) = d*(W 2 , Wi) = 1 and clearly 

£ G n fiL^a - {w(+oo), to(-oo)}. 

Suppose £ is a pole of some wall W3. Then the assumption on a implies k' = 2. In this case we 
have two injective edge paths in G„: W\W 2 W 3 and W[W 2 W 3 . The proof of Lemma 15 . 1 II yields a 
contradiction if = W\. Hence W[ ^ Wi, h is a Type B isometry and Fzx(/i*) = W\W[. Notice 
ti < f since a < 7r and c(ti), 0(^2), £ are three poles on c. Similarly tj < ^. Recall c(t\) is a pole 
of W\. Let p 7^ c[t\) be the other pole of W\. Since /i(+co), 00), p and c(fi) all lie on the circle 
OtW\ n 8tW{, we see 00), p) = c£r(/i(+oo), c(ti)) = ii. It follows that 

dr(c'(ti),l») < dr{c' «), /i(-oo)) + d T (/i(-oo),p) = +i x < ^tt. 

As c'(i^) and p are poles of two distinct walls W[ and W\ respectively, we have c'(t[) ^ p and 
<fT(c'(ii),p) > a > |7r, a contradiction. 
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Now we assume k = k' = 3. In this case £ is not a pole. The proof of Lemma 15.111 shows 
£(£3) = c'(i 3 ) and W3 = W3. If W{ = W\ then the proof of Lemma f5 . Ill yields a contradiction. So 
W{ / Wi, Fix(K) = WiW{ and h is a Type B isometry. Now consider c(t 3 ) = c'(t 3 ) 6 W3) 
instead of £ and the preceding paragraph yields a contradiction. 

□ 

5.6. Proof of Theorem 15.11 In this section we finish the proof of Theorem 15. II By Lemma [5.41 
and Proposition we may assume H does not have a global fixed point in G» and each nontrivial 
he H is of Type A or Type B. 

Let M C dooX be a iJ-admissible subset. By Lemma l5.11l if W is a wall with d* (W, Fix(h*)) > 3 
for some h £ H, then M PI dooW = cf>. 

Lemma 5.13. Let M C dooX be H -admissible. Suppose W is a wall such that Fix(h^) — {W} for 
a Type A isometry h £ H . Then M n d^W — <j). 

Proof. Since Fix^ghg^ 1 )*) — g*{Fix{h*)) and the conjugate of a Type A isometry is still a Type A 
isometry, the assumption that H does not have a global fixed point in G* implies that there is a wall 
W ^ TT_with Fix(K) = {W} for a Type A isometry h! £ H. If d.(W', > 3, then_Lemmal5~Hl 
implies B(h', W) = 4>- By the definition of a £7-admissible set, M C B(h'(+oo), n) n B(h'(— 00), 7r) 
and thus M n docVF C B(/i'(+oo), tt) nB(h'(-oo),ir) n dooVF = W) = 4>- From now on we 

assume d*(W',W) < 2. 

Suppose d*(W,W) = 1. Then h'(W) 7^ W and d*(W,W) = d»(/i'(W), W) = 1. By Lemma 
K^dJW. h'(W)) = 2. Thus we may assume d*(W, W) = 2. Then d*(h(W), W) = 2. Let W u W 2 
be the unique walls with d *(W,W i) = d*{W u W) = 1, d*(iy,VF 2 ) = d*(W 2 , h(W')) = 1- Notice 
W 2 = h(Wi) ^ Wi. Lemma 021 implies 

B(h',W) C aooW^naooV^i - {w(+oo),w(-oo)} 

and 

BQih'hT 1 , W) C dooW n d^Wn - M+oo), to(-oo)}. 
M is iJ-admissible implies 

M n 9ooiy c w) n BQititr 1 , w) c 

C (doo^ndooVKi - {io(+oo), ^(-00)1)0(900^ ndoo VF 2 - { W (+oo),u;(-oo)}) C 

C dool^i n 9ooTT"2 - {w(+oo), w(-oo)} = 0. 
The last equality follows from Proposition 15.51 and the facts that W\ 7^ W 2 and d*(Wi,W) = 1, 
d*(W,W 2 ) = 1. 

□ 

Lemma 5.14. Le£ M C d^X be H -admissible. Suppose W is a wall with d^(Fix(h^), W) = 1 for 
a Type A isometry h £ H. Then M n d^W = 4>. 

Proof. Suppose M fl dooW 7^ 4>. Let Fix(h^) = {Wo}- The argument in the proof of Lemma f5. 131 
shows that there is a wall W and a Type A isometry h' £ H such that FixQi'*) — {W} and 
d*(W ,W) = 2 or 3. 

Let us first assume d*(W ,W') = 3. Then M n d^iy / implies d*(W, W) = 2 and 
d»(W,fc(W')) = 2 - Let ^1 be the unique wall with d*( W,Wi ) = d*(Wi,W) = 1, and W 2 the 
unique wall with d»(W, W 2 ) = d*(W 2 , ^(W 7 ')) = 1- Lemma 15. 1 21 implies 
Af ndooW cB(h',W)nB(hh'h- 1 ,W) C 

c (^00^ n SooVKi - {w(+oo), w(-oo)}) n {dooW n - {w(+oo), ib(-oo)}) c 

C d^Wi n d x W 2 - {w(+oo), w(-oo)}, 
and therefore W\ = W 2 . Since M is iJ-invariant, MnSoo^ 7^ (p implies MC]d 00 h(W) is nonempty. 
The above argument applied to h(W) instead of W shows there exists a wall W[ with (h(W), W[) = 
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d*{W[,W) = d*{W[,h{W')) = 1. If W{ ^ Wi, then W x W'W[h{W')Wx is an injective edge loop 
with length 4, a contradiction. If W[ — Wi, then WoWWih(W)Wo is an injective edge loop with 
length 4, again a contradiction. 

Now assume d*(Wo, W) = 2. M (~l c^W 7^ 0, Lemma 15. 131 and the remark before Lemma 15. 131 
imply d*(W, W) — 1 or 2. By replacing W' with h(W) if necessary we may assume d*(W, W') = 2. 
The argument in the preceding paragraph again yields a contradiction. 

□ 

Lemma 5.15. Let M C d^X be hi -admissible. Suppose W is a wall with d*(Fix(h*), W) — 2 for 
a Type A isometry h G H . Then M n SooT^ = 0. 

Proof. Let Fix{K) = {W } and W x be the unique wall with <f»(W , Wi) = 1 and <f*(Wi,W) = 1. 
Then by Lemma 15.121 

M n Sooiy c W) C clooT^i n Sool^ - M+oo), tc(-oo)} C 0«,Wi. 
But Lemma IQ1 implies M n dooVFi = 0. It follows M f~l dooVF C M n 9ooWi = (/>. 

□ 

Lemmas 15.131 15.141 15.151 Proposition 15.101 and the remark before Lemma 15.131 together imply 
that H contains no Type A isometries. From now on we assume each nontrivial h G H is of Type B 
and H does not have a global fixed point in G* . Recall h G 77 is a squared Type B isometry if and 
only if any of its conjugates is a squared Type B isometry. 

Lemma 5.16. If there are squared Type B isometries h,h' G H with d*(Fix(h*), Fix(h*)) > 3, 
then H contains a free group of rank two. 

Proof. Let £ G {h(+oo), h{— 00)}, r\ G {/i'(+oo), 00)} and cr : [0, a] — > BtX be a minimal 
geodesic from £ to 77. Let the walls Wi, • • • , Wfc and the numbers < t\ <•••<<&< a be provided 
by Proposition 1571 Then h*(W±) = Wi and K(W k ) = W k . Since d*(Fix(h*), Fix(h'»)) > 3, we 
have k > 4. Since each singular angle equals a > |7r, the length of a is at least 3 x |-7r > tt. So 
dr > ^ an d the lemma now follows from Theorem l2.14l 

□ 

Lemma 5.17. Suppose each nontrivial h E H is of Type B and H does not have a global fixed point 
in G*. Then there are squared Type B isometries h,h! G H with d*(Fix(h*), Fix{h'^)) > 2. 

Proof. First suppose d*(Fix(h*), Fix(h'*)) — for all squared Type B isometries h,h' G H. Fix a 
squared Type B isometry h G i? and let Fix(h*) = W\Wi. Since i? does not fix the midpoint of 
W1W2, there is some element g in H such that <7*(WiW 2 ) H W\W 2 = {Wi} or {W 2 }. After possibly 
relabeling Wi and W 2 we may assume g*(WiW2) H W1W2 = {Wi,}. Set hi = h and 7i 2 = ghg^ 1 . 
hi and /i 2 are two squared Type B isometries with Fix(hi#) D Fix(h,2*) = {Wi}. Since H does 
not fix Wi, there is some k € H such that fc*(Wi) 7^ W\. Set fci = khik^ 1 , fc 2 = kh^kr 1 . Then 
fci and fc 2 are two squared Type B isometries with Fix(ki^) fl Fix{k 2 ^) — {fc*(Wi)}. Now it is not 
hard to derive from Lemma [5.31 that there are i,j G {1,2} such that Fix(hi^) D Fix(kj ) =<$>,& 
contradiction. 

Now assume d*(Fix(h*), Fix{h' ir )) < 1 for any two squared Type B isometries h, hi G H. By the 
above paragraph, there are two squared Type B isometries g,h £ H with d*(Fix(h*), Fix(g*)) = 1. 
Let Fix{K) = W 2 W 3 , g*{Wi) = Wi with d*(Wi,W 2 ) = 1. Notice Fix{{ghg-%) = g(W 2 )g(W 3 ). 
It follows from d*(Fix(h*), Fix^ghg^ 1 )*)) < 1 and Lemma 15*^1 that d*(W3, 3(^3)) = 1. Similarly 
we have d^{Wz,g 2 {W 3 )) = 1 and d*(g 2 (W3), g{W$)) = 1. It follows that we have an injective edge 
loop W3g(W 3 )g 2 (W 3 )W3 with length 3, a contradiction. 

□ 
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Lemma 5.18. Let M C d^X be H -admissible, and h, g G H be two squared Type B isometries with 
d*(Fix(h*),Fix(g*)) = 2 and Fix{h*) = WW. Then M n d^W = M n d^W = <f>. 

Proof. We shall prove MndpoW = </>. The proof of MndpoW = 4>is similax. Jfd*(W,Fix(g*)) = 3, 
then by Lemma 157111 M nd^W C fl(fl>,W) = 4>. Suppose d*(W, Fix(g*)) = 2. Then Lemma ETUI 
implies that there is a set of walls {Wi]f =1 (N = 1 or 2) with d*(VF, = d*(Wi, Fix(g m )) = 1 and 

M n SooVt^ c B(g, W) C U^i^ooW H d^Wi) - M+oo), w(-oc)}. 

Fix an integer j with {Wi,Wjv} n {h J (Wi), h J (Wn)} — 4>- Since M fl c^VF is also contained in 
B(h j gh- j , W) C u£ 1 (9 0O W n ^^'(Wi)) - M+oo), iu(-oc)}, it follows M n dooVF is contained 
in the intersection of ufL^d^W n 9^^) - {w(+oo), w(-oo)} and U^ 1 (9 OQ W ("1 d^h^Wi)) - 
{it>(+oo), io(— oo)}, which is empty. 

□ 

Lemma 5.19. Let M C doc A be a H -admissible subset, h,g 6 H squared Type B isometries with 
d*{Fix(h*), Fix(g*)) = 2, and W a wall with d*(W, FixQiJ)) = 1. Then M n d^W = </>. 

Proof. Notice Fix^hgh^ 1 )*) = h*(Fix(g*)) and by replacing /i with h 2 if necessary, we may assume 
Fix(g^)r\Fix({hgh' 1 ) at ) = (f>. Suppose Mnd^W ^ (j). Then Mndooh^W) ^ (f> for every integer i as 
M is i/-invariant. By Lemma l5.11l we have d*(h l (W), Fix^*)) < 2 for any integer i and any squared 
Type B isometry 7 € H. In particular, d*O l (VF), Fix(g*)) < 2 and ^(^(W), Fix({hghT 1 )*)) < 2. 

Since d*{Fix(h*), Fix(g*)) — 2 and d*(W, FixQi^,)) = 1, Lemma |5.3I implies there are at most 
two integers i with t£*(/i*(W), .F£a;(<?*)) = 1. Therefore for all except at most 4 integers i we have 

d.(ft < (WO,i J, taj(ff»)) =d.(tf(W),fia:((/iff/r 1 ).)) = 2. 

Fix five distinct walls W U W 2 ,W 3 , W A , W 5 G {^(W) : i = 1, 2, • • • } with 

d.CWi.J'iajCffO) = ^(Wi.J'i^C^ -1 )*)) = 2. 

For each Wi (£ = 1, • • • , 5), since M n ScoW^ 7^ Lemma 15 . 1 21 implies there is a wall W/ with 

d,(Wi,W/) =(L(Wl,Fix(jg.)) = d^W'^Fixiihgh- 1 )*)) = 1. 

Let W be the wall such that h*(W) = 1^ and d*{W,W) = 1. If W- = VFj for some £ ^ j, 
then WWiW-WjW is an injective edge loop of length 4, contradicting to Lemma 15731 Suppose 
W[ 7^ VFj for £ 7^ j. Since Fix(g r ) and Fix^hgh^ 1 )*) are disjoint edges, <i»(W/, Fix{g*)) — 
d*(W(, Fix^hgh -1 )*)) = 1 for £ = 1, • • ■ ,5 implies there are two indices £ 7^ j, and walls W 7^ VT" 
such that g,(W') = W", (Mi -1 )*^") = VF" and d,(W/,W) = d.(W/,W) = = 
d^W'j, W") = 1. Thus W'W'W^W'WI is an injective edge loop of length 4 in G*, a contradiction. 

□ 

Lemma 5.20. Let M C 9ooX be a H-admissible subset, h,g £ H squared Type B isometries with 
d*(Fix(h*),Fix(g*)) = 2, and W a wall with d*(W, Fix(hj) = 2. Then M nd^W = (j). 

Proof. Since d*(W, Fix(h*)) = 2, Lemma I5T21 implies there is a set of walls {Wi}^ (N = 1 or 2) 
with d*(Wi, Fix(h*)) = 1 and M ^d^W C uf =1 {M n d^Wi) . Now the lemma follows fr om Lemma 
ICT 

□ 

Lemmas 15.181 15.191 15.2UI Proposition 15.101 and the remark before Lemma 15.131 imply that for 
any two squared Type B isometries g,h s H, d*(Fix(h*), Fix(g*)) 7^ 2 holds. Lemma 15.171 then 
implies there are h,h' e H with d*(Fix(h*), Fix((h')*)) > 3. Now it follows from Lemma 15 . 1 61 that 
H has the TA-property. The proof of Theorem l5.1l is now complete. 
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